Efficient N-Dimensional surface estimation
using Crofton formula and run-length encoding
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Abstract

Unlike the measure of the area in 2D or of the volume in 3D, #rénpeter and the surface are not easily
measurable in a discretized image. In this article we desaimethod based on the Crofton formula
to measure those two parameters in a discritized image. d@twacy of the method is discussed and
tested on several known objects. An algorithm based on thdemgth encoding of binary objects

is presented and compared to other approaches. An implatisenis provided and integrated in the

LabelObject/LabelMap framework contributed earlier by guthors.
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1 Introduction

Surface area and perimeter are widely used parametershilegdhe size of objects observed in images,
and are commonly used for computing various shape factontikéJthe area that can be easily measured
by counting pixels belonging to the object, measuring thénpeter is not as straightforward, and naive
methods can lead to huge systematic err8r$]. Usually, the countour of the object is extracted, then its
length is measured. The same approach is usually applied tm&8ges: the boundary of the 3D object is
first reconstructed, e.g. by using marching cul@sthen its surface area is computed by summing area of
individual triangles.

The Crofton method is an alternative method that allowsregtng the perimeter of 2D objects, the surface
area of 3D objects, and more generally fde- 1)-dimensional measure dfdimensional object boundary.
Itis based on counting intercept number of the object boyndéh a set of isotropic test lines, and provide
an unbiased estimate of the actual perimeter or surface.

The article first recalls the mathematical principlesdgberimeter measures in digital images using the
Crofton method. An efficient implementation based on rumgth encoding is then presented. The method
is evaluated on varioust?and D synthetic shapes and compared with other methods. The effiethe
roundness shape factor is also investigated.

2 Principles

2.1 Surface area and perimeter estimation

Perimeter measure of 2D objects, surface area measure objgbt®and more generally — 1)-surface
measure ofi-dimensional objects can be expressed in a unified formddgmsing the Crofton formula.
This formula consists in integrating the intercept numkfghe object with lines of various orientation and
positions. Its expression in the general form is:

d-v
Sy = 9 [ y(XnL)dL (1)
Vd-1 J £d
whereX is the structure of interesty is the volume of thel-dimensional ball,L? is the set of all lines in
the d-dimensional space. The above integral is normalised stthie mass of lines hitting the unit ball

equalsvy_1, the measure of the unit ball projection oida— 1)-dimensional plane.

The Euler-Poincaré characterisjics equal to number of connected components of the intecsecti X
with a lineL, or equivalently half the number of intersections of thermtary of X with the line.

Latest version available at thiesight Journa[ htt p: // hdl . handl e. net/ 10380/ 3342]
Distributed undeCreative Commons Attribution License


http://www.insight-journal.org
http://hdl.handle.net/10380/3342
http://creativecommons.org/licenses/by/3.0/us/

2.2 Crofton formula in discrete images 3

For planar and 3D cases, Equation 1 can be rewritten:
P(X) = n/zx(XmL)dL @)
L

SX) = 4/L3x(XmL)dL @3)

2.2 Crofton formula in discrete images

The Crofton formula can be easily applied to discrete binargges £, 5]. The integral over lines can be
decomposed into an integral over a finite set of directiomsaamintegral over all the lines parallel to a given
direction.

For the planar case, the perimeter can be estimated by eoimgjchorizontal and vertical lines, i.e. two
directions. An alternative is to use the diagonals, resgltn four directions. Perimeter estimate is then
written as:

P(X) =~ HZ;—EX(XHL") (4)

wherecy is the discretization weight associated to directiphy is the density of discrete lines in direction
k, andLy is the set of all discrete lines in directidén

The line density\x may vary according to the directions, due to image resoiuticto the use of diagonals.
It is computed as the ratio of the distance between two neigpixels with the area associated to a pixel.
When only horizontal and vertical directions are used, claged weightsy equal /2. When diagonals are
used, weights are obtained by projecting direction veaorthe unit circle, and by computing the relative
fraction of circle associated to each direction (Hig.

Figure 1: Computation of direction weights for rectangueds. Left: planar case. Black dots correspond
to pixel centers. Angular regions are computed betweegtibrebisectors. Right: 3D case. The unit sphere
is partitioned into spherical polygons corresponding theaf the 26 oriented directions.

In a similar way, surface area oD3objects may be estimated using following approximation:

SX) = 4;%x<xmk> (5)
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2.3 Intercepts count in digital images 4

whereLy is the set of B discrete lines parallel to directidg ¢k the discretization weight associated © 3
directionk, andAy the density of discrete lines in directién

Line densities are computed as for the planar case, by diyidistance of neighbor voxels in directién
by the volume associated to a single voxel. When surfaceisuestimated by taking into account the three
main direction in images, associated weigt¢®qual 1/3. If more directions are considered, the strategy
of Ohser and Miicklichq] was applied: each direction was projected on the unit sgtard was used as
a germ for computing VoronoA™ diagram on the unit sphere. rélaive surface area of each spherical
domain was used as weight for the corresponding directian .

2.3 Intercepts count in digital images

The number of connected components in the intersectiosedttucture with a discrete line is obtained by
counting the number of intercepts with its boundary. Thtsricepts count can be efficiently computed by
using the run-length encoding of the binary objects.

The run-length encoding groups all the pixels on the sangeitira single element. If the binary object is
compact enough, as it is often the case for connected comtmrke run-length encoding heavily reduces
the number of elements required to represent the objecipaed to the simple pixel representation. Thanks
to the run-length encoding, it is possible to compute thergepts the binary object line by line, instead of
computing it pixel by pixel.

The data structure used as the input of the algorigthm is ef &8l the indexes of the object with their first
element remove —in 3D, this is all the possible (y, z) pairs which are associated a list of lines. The lines
are coded as mposition and a length.

The algorithm used to count the intercepts is describedgnren.

2.4 Roundness

Roundness is a commom parameter used for comparing shajmsemdently of their size. It equals the
square root of the "shape factor", or "isoperimetric déefidit should be noted that although widely used,
these parameters present many drawbacks: high sensitiitgrimeter measure, value possibly out of the
expected bounds, similar values for different shagles|

We defined here the roundness as the ratio of equivalg@rimeter over the measuredperimeter. The
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2.4 Roundness

do

ic—0

comment: the offset of the neighbors on the first axis
xno <+ of fset(0)
xno[0] «+ 1
for eachls€ O
comment: 2 intercepts per line on the first axis

ic[xno] « ic[xno] + 2-length(ls)
for each nls € neighbors(ls)
comment: straight and diagonal offsets of the neighbors

do

no + of fset(nls)
dno + of fset(nls)

Algorithm 2.1: COUNTINTERCEPTO)

comment: intercept count

dno[0] «+ 1

if isSEmpty(nls)
comment: all the lines are on a contour

then

else

do

for each | €ls
{ic[no] «ic[no] + length(l)

comment: iterate over the lines its and the empty lines inls

il < iterator(ls)

inl < iterator(nls)
nMin <— —oo
nMax < pos(inl) — 1
whileisNotAtEnd(il)

ic[dno] < ic[dno] + 2-length(l)

IMin + pos(il)
IMax « pos(il) +length(il) — 1
comment: measure the intersection of these two lines

ic[no] «— ic[no] + max(0, min(IMax, nMax) — max(IMin,nMin) + 1)
ic[dno] + ic[dno] + max(0, min(IMax, nMax -+ 1) — max(IMin,nMin+ 1) +
ic[dno] «— ic[dno] + max(0, min(IMax,nMax — 1) — max(IMin,nMin — 1) +
comment: and move to the next line, eitherlisor in nls

if nMax < IMax
nMin < pos(inl) + length(inl )
next(inl)
then < if isNotAtEnd(inl)
do nMax « pos(inl) — 1
else nMax <— o

else next(il)

Figure 2: The algorithm used to count the intercepts
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equivalentd-perimeter is defined as the perimeter of thkall with same volum#&’ .

P
roundness = %q (6)
d-v
Pq = — (7)
. Req
d\/.ru
Ra = (2 ®)
T2
d' if dis even
d+1 2
M—-) = %/ﬁ-d!! L 9)
e if d is odd
277
1 ifd<1
an = he=s (10)
d-(d—2)!! otherwise

Roundness takes values between 0 and 1. It is equal to 1 éodairor spherical shapes, and decreases for
more complicated shapes. For 3D shapes, equivalent deerjpirameters can be defined using ratio of
surface area and volumg][

3 Implementation

The implementation of this algorithm has been done inithe : ShapeLabel MapFi | t er class, which is
already in charge of the computation of several shape q¢ssi The run-length encoding used in the
i tk::Label Coj ect representation is reused. The implementation is N-dino@asiand thus is usable for
any image dimension. The most useful cases, 2D and 3D hawesbeeialized to provide a more accurate
estimation by also using the diagonals — 4 directions in 28 Ea directions in 3D. In the 4D case and
greater, the diagonals are not used.

The perimeter estimation is now turned on by default, but cstill be disabled with

Set Comput ePerineter(fal se) in itk::ShapeLabel MapFilter if not needed. This should en-
hance the user experience, especially for the attributasobweiously derived from the perimeter like the
roundness.

3.1 N-Dimensional name

The attribute is called?erimeter independently of the dimension of the image and is availablée
i tk:: ShapelLabel Qbj ect .

3.2 Border management

The borders of the image is considered to be in the backgramthe contour of an object touching the

border of the image is measured. This was not the case in¢h@®ps (undocumented) implementation and
has been proven to be misleading for many users. It is pessitdubtract the perimeter on the border to the
full perimeter if the measure without the part touching tbheder is needed.
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3.3 Multithreading 7

3.3 Multithreading

The architecture implemented irt k: : ShapeLabel MapFi | ter use one thread per LabelObject. The
perimeter estimation has been integrated in this architectproviding a multithreaded implementation
as long as there are several LabelObjects in the input LadgelM

4 Evaluation method

Perimeter and surface area are measured on discretizétirariaus 2D and 3D shapes whose true perimeter
or surface area is known. Planar test shapes include dislgs, abtained by the difference of several disks,
trefoil shape, ellipses and rectangles with various sizpee ratios. Test shapes for 3D measurements
include balls with various radii, hollow balls, prolate aollate ellipsoids, and cuboids. Only significant
results are presented here.

Shapes were discretized following the Gauss discretizaoteme3, 5]. Binary images can be considered
as a subset of a rectangular grigglwhere d = 2,3. Such a grid can be written as

La=MZ x ... x MZ, (11)

where thed-uple (A1, ...,Aq) defines the pixel or voxel size. A grid poirtbelongs to the reconstructed
structure if the grid cell centered orhits X (See Fig.3).

o o o o o o o o o o o o
o /0/ . . o o o o Q o o
o ° ° ° . o o ° ° ° ° o
o\ ° ° ° . o o ° ° ° ° o
o o o o / o o o o o o o
|
o o o o o o o o ) [} o o
o o o o o o o o o o o o

Figure 3. Discretization of two disks with same radius arftedent positions. A grid cell belong tho the
reconstructed shape if its center is inside the originapshd he reconstructed shapes have different size
and shape.

For each test shape, measurements were made on severelisigion of the shape, with various orienta-
tions and various origins. The center of each shape was claigandom within the center pixel or voxel
of the grid.

Perimeter of 2D discretized shapes was measured usingo@nafethod using 2 and 4 directions, and by
computing the length of the reconstructed contour (Matlafiviare was used). Surface area of 3D dis-
cretized shapes was measured using Crofton method usingl 33wlirections, and by computing the
surface area of the reconstruced shape obtained by the in@mbbes algorithm. The average and the
standard deviation of measurements were computed foraeshdiscretized with the same resolution. Ef-
fect of orientation was investigated by computing averagksiandard deviation of shapes having the same
orientation.
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5 Accuracy

5.1 Perimeter of disks at various resolutions

Figure 4 shows average and standard deviation of perimeter measuardisks with various resolutions.
Perimeter measured using Crofton method converges towled®al value when the resolution increase.
The convergence speed is faster when four directions atkinstead of two, and the variability is lower.

Perimeter

/ —— Theoretical value
le —— 2 Directions

95% Enveloppe
—— 4 Directions
95% Enveloppe
—— Matlab

95% Enveloppe

. . . . . . :
2 4 6 8 10 12 14 16 18
Ratio of circle radius over pixel size

Figure 4: Perimeter measure of disks with various resaistend at random positions

Perimeters measured with Matlab show similar variabibity, the measured values do not converge toward
the true value. This shows the inaccuracy of the method stingiin counting boundary pixels.

The oscillations of the variability is due to the fact that fiisks with diameters equal to an integer, the num-
ber of intersections with horizontal or vertical lines i&ays the same, thus greatly reducing the variability
of measures.

5.2 Perimeter of ellipses with various orientations

Figure5 shows measures obtained on discretized ellipses (semeagiths equal to 30 and 10) with various
orientations. Using Crofton method with only 2 directiomsguces greater errors on the measure than with
4 directions. However, in both cases, the average over ihatations of the mean values is very close to
the actual perimeter.

The perimeter by counting boundary pixels, for example bpgidlatlab’s "regionprops” methods, leads
to a systematic bias: whatever the orientation, measurdfeseht from the actual perimeter. Note that the
difference does not decrease with the resolution.

5.3 Roundness of random ellipses

Figure 6 shows the roundness measured on a population of 100 disxteatllipses with semi axis lengths
equal to 4 and 2 pixels. The center of the ellipses is chosemedbm within the center pixel, and orientation
is chosen at random between 0 and 180 degrees.
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5.4 Surface area of 3D shapes 9
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Figure 5: Variations of perimeter measure of a digitizegbsdl depending on the orientation. Left: perimeter
measures. Right: relative errors (in percent).

The variations in the perimeter measure cause variatidmeindundness measure. The variability of round-
ness is less when measured with the Crofton method usingétidins. Not that in some cases, the computed
roundness may be greater than 1, due to the error in perime@sure.
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Figure 6: Measure of roundness on random ellipses. Leftessxamples of test ellipses and their discrete
reconstructions. Right: box plots of roundness computeuh foerimeter measured from different methods.

5.4 Surface area of 3D shapes

Comparison of surface area measured on several discreiastaacted shapes is given in Taldle Test
shapes comprise a ball with radius 30 voxels, prolate eliss(semi axis lengths equal to 30, 10 and 10
voxels), oblate ellipsoids (semi axis lengths equal to D0ardd 30 voxels), and torus (outer and inner radius
equal to 50 and 10 voxels).

As for the planar case, the measure is closer to the actua vahen using more directions. The error is
around 2 percent in average for 3 directions, and less thamckept for 13 directions.
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10

Shape (¢,0) S Strofton? Sroftont3 SyTKmarch STKiso
ball n.a. 113098 113120 (+0.0%) 113066 (—0.0%) 122982 (+8.7%) 122995 (+8.8%)
prolate  (0,0) 30829 29387 (—4.7%) 30846 (+0.1%) 33541 (+8.8%) 33549 (+8.8%)
- (45,0) — 31373 (+1.8%) 30863 (+0.1%) 33539 (+8.8%) 33547 (+8.8%)
- (45,45) — 31506 (+2.2%) 30833 (+0.0%) 33515 (+8.7%) 33522 (+8.7%)
oblate (0,0) 68568 62907 (—8.3%) 6807.6 (—0.7%) 74102 (+8.1%) 74113 (+8.1%)
- (45,0) — 68720 (+0.2%) 67890 (—1.0%) 73697 (+7.5%) 73707 (+7.5%)
- (45,45) — 71547 (+4.3%) 68085 (—0.7%) 73859 (+7.7%) 73867 (+7.7%)
torus (0,0) 118435 114173 (—3.6%) 117929(—0.4%) 128266 (+8.3%) 128287 (+8.3%)
- (45,0) — 118093 (—0.3%) 117668 (—0.6%) 127874 (+8.0%) 127893 (+8.0%)
- (45,45) — 120860 (+1.9%) 118224 (—0.2%) 128491 (+8.5%) 128511 (+8.5%)

Table 1. Differences between actual surface area and itsuresmwith different methods, on shapes with
various orientations. The orientation is given by the dioecof the shape rotation axis, defined by the
azimut¢ (between 0 and 360 degrees) and the colatifuffetween 0 and 180 degrees).

When using Crofton method, the measured perimeter is asnil around the actual value. If 3 directions
are used, relative error is usually less than 5 percentsor&are smaller when 13 directions are used
(maximum relative error equal to 1 percent).

When using isosurface reconstruction, the surface aregismatically over estimated. The difference is
around 8 percent in average.

6 Timing

The performance of the Crofton based method as well as $®tbest methods available in ITK or VTK are
shown in Table2. The timings were obtained using théperf3D .. /i mages/ bal | 450. nrrd command
on an Intel(R) Xeon(R) CPU X5570 processor at 2.93GHz witB2&b cache, 24Gb of RAM running
Ubuntu linux 11.04 64 bits with gcc 4.5.2. The input imageéhawsize of 1006 1000x 1000 and contains
a single binary object: a ball of radius 450.

Method Timing
Proposed method 1.80882s
VTK marching cubes 15.3972
VTK marching cubes + gaussian filtering  26.6482
ITK BinaryMask3DMeshSource 29.1124

Table 2. Excecution times in seconds for measuring the seidaea of a ball with radius 450 voxels in a
1000x 1000x 1000 voxels image.
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